We introduce the concepts of lifting modules and (quasi-)discrete modules relative to a given left module. We also introduce the notion of SSRS-modules. It is shown that (1) (3) let M be an amply supplemented SSRS-module such that Rad(M) is finitely generated, then M = K ⊕ K , where K is a radical module and K is a lifting module.
For more details on these concepts, see [9] .
Lemma 1.1 (see [12, 19.3] ). Let M be a module and 
Relative lifting modules
To define the concepts of relative lifting and (quasi-)discrete modules, we dualize the concepts of relative extending and (quasi-)continuous modules introduced in [8] in this section. We start with the following. Let N and M be modules. We define the family
Note that M is amply supplemented, and so f (X) has an s-closure A in M by Lemma 1.3. Thus A is also an s-closure of A by Lemma 2.3. The verification for A ∈ $(N,M) is analogous to that for B ∈ $(N,M) in Lemma 2.2.
Let N be a module. Consider the following conditions for a module M. 2) is a supplement of (1,1) ) and is not a direct summand of it though it is amply supplemented.
Example 2.7. Let M be a module with zero socle and S a simple module. Then M is Slifting since $(S,M) is a family only containing all small submodules of M. So all torsionfree Z-modules are S-lifting for any simple Z-module S (see [12, Exercise 21 .17]). In particular, Z Z and Z Q are S-lifting for any simple Z-module, but each one is not a lifting module.
Proof. It is straight forward.
Proposition 2.9. Let M be a module. Then M is lifting or (quasi-)discrete if and only if M is M-lifting or M-(quasi-)discrete if and only if M is N-lifting or N-(quasi-)discrete for any module N.
Proof. It is clear by Lemma 2.8. Let
Theorem 2.13. Let M be an amply supplemented module and
Proof. Without loss of generality we can assume that N ≤ N and 
Recall that a module M is said to be distributive if
A module M has SSP (see [4] ) if the sum of any pair of direct summands of M is a direct summand of M. 
SSRS-modules
In [2] , a module is called a CESS-module if every complement with essential socle is a direct summand. As a dual of CESS-modules, the concept of SSRS-modules is given in this section. It is proven that: (1) let M be an amply supplemented SSRS-module such that Rad(M) is finitely generated, then M = K ⊕ K , where K is a radical module and K is a lifting module; (2) let M be a finitely generated amply supplemented module, then M is an SSRS-module if and only if M/K is a lifting module for every coclosed submodule K of M. Lifting modules are SSRS-modules, but the converse is not true. For example, Z Z is an SSRS-module which is not a lifting module. Proof. Let K be a direct summand of M and N a supplement submodule of K such that
Thus N is a direct summand of M since M is an SSRS-module. So N is a direct summand of K. The proof is complete. 
Next, we show that K is a lifting module. K is amply supplemented since it is a direct summand of M. So we only prove that every supplement submodule of K is a direct summand of K . Let N be a supplement submodule of K . By Lemma 1.2 and Rad(K ) K , we know that Rad(N) N. N is a direct summand of K since K is an SSRS-module by Proposition 3.2. The proof is complete. A module M is uniserial (see [6] ) if its submodules are linearly ordered by inclusion and it is serial if it is a direct sum of uniserial submodules. A ring R is right (left) serial if the right (left) R-module R R ( R R) is serial and it is serial if it is both right and left serial.
Corollary 3.14. The following statements are equivalent for a ring R with radical J.
(1) R is an artinian serial ring and J 2 = 0. 
